The creeping flow around a sphere close to a wall is calculated by revisiting the bipolar coordinates solution technique. The coefficients in the expansions of the spherical harmonics are easily calculated from two recurrence relationships, following the idea of O' Neill and Bhatt (1991). That is, there is no need to solve successively larger truncated linear systems to obtain the coefficients, as was done in earlier papers for a sphere translating along a wall by (O'Neill 1964 (O'Neill , 1967 or rotating by (Dean and O'Neill 1963) and for a shear flow around a fixed sphere by (Tözeren and Skalak 1977) . Consequently, results can be obtained even for small gaps between the sphere and the wall without excessive computer resources. Thus, the present technique provides a reference to obtain all the friction coefficients and flow fields with excellent precision. Results for the friction coefficients are given with up to 17 significant digits for later reference. Earlier results for the drag force and torque coefficients by are recovered and in some cases corrected. The exact solutions for sphere translation and rotation are further exploited to provide approximate formulae with a precision of 10 −9 , based on expansions for large and small gaps. For the shear flow problem, there is no singularity near contact and a polynomial interpolation gives a precision of 10 −11 . The exact solutions for a shear flow around a fixed sphere and the flows due to a translating sphere and a rotating sphere in a fluid at rest are then exploited to provide approximation formulae with a precision of 10 −11 for the translation and rotation velocities of a neutrally buoyant sphere freely moving along a wall in a shear flow.
Introduction
The modelling of the motion of small particles close to a wall in a viscous fluid is useful for various applications, as, for example, in the field-flow fractionation separation technique (1) and the motion of cells in biological fluids. Here, we consider a spherical particle that is small enough for the Reynolds number of the fluid flow to be low, so that creeping flow equations apply.
The problem of the flow around a sphere moving close to a plane wall has been addressed in a a rotating sphere and of a sphere held fixed in a shear flow are analogous. The classical truncation method of solving the linear system is recalled in subsection 2.2. The solution of the linear system as iteration relationships is presented in subsection 2.3. Precise numerical results based on this technique are presented in section 3. A comprehensive set of results for the force and torque drag coefficients is provided for the problems of a sphere translating along the wall (subsection 3.1), a rotating sphere with rotation axis parallel to the wall (subsection 3.2) and a sphere held fixed in a pure shear flow along the wall (subsection 3.3). The precise results for the flow velocity allow fluid trajectories to be found even when the gap between the sphere and the wall is small. An example is given in section 4. The precise results for the various force and torque drag coefficients are also used in section 5 to provide interpolation formulae for these coefficients, by using expansions for large and small gap widths between the sphere and the wall. The case of a freely moving and freely rotating sphere in a shear flow along a wall is also treated in section 6. Finally, the conclusions are given in section 7.
Iteration solution for the expansions in bipolar coordinates

Expression for the solution in bipolar coordinates
Consider the example case of a sphere of radius a translating with velocity U s along direction x parallel to a wall (3, 4) . The sphere does not rotate and the fluid is at rest at infinity. We use a system of rectangular Cartesian coordinates (x, y, z), with the z-axis perpendicular to the wall and z = 0 on the wall. The sphere centre is located on the z axis at z = l. We also define a system of cylindrical coordinates (ρ, φ, z), with x = ρ cos φ, y = ρ sin φ. 
2)
The plane is represented by ξ = 0 and the sphere by ξ = α such that l/a = cosh α. The ranges of the bipolar coordinates η, ξ are 0 η π and 0 ξ α. As a result of the change of coordinates, the boundary conditions are simplified. The Stokes equations become more complicated but are still linear; thus solutions for the spherical harmonics may be expanded in terms of the bipolar coordinates:
[A n sinh(n + where λ = cos η and P n (λ) is the Legendre polynomial of degree n. The coefficients A n , B n , C n , D n , E n , F n , G n are constants to be calculated. Applying the continuity equation and the noslip boundary conditions on the wall and sphere provides after some algebra relationships for the constants B n , C n , . . . , in terms of the constants A n as well as an infinite linear system to be solved for the constants A n (n 1): a n,n−1 A n−1 + a n,n A n + a n,n+1 A n+1 = b n , (2.4) with a n,n−1 = n − 1 2n − 1 (2n − 1)k n−1 − (2n − 3)k n , a n,n = 1 2n + 1 −n(2n − 1)k n−1 − 5(2n + 1)k n +(n + 1)(2n + 3)k n+1 , a n,n+1 = n + 2 2n + 3 (2n + 5)k n − (2n + 3)k n+1 ,
where
The drag force exerted on the translating sphere is in the x-direction by linearity of the creeping flow equations and may be expressed as where U x is the modulus of U s . The force friction coefficient f t x x was calculated (3, 4) as
There is a torque on the sphere because of the presence of the wall. It is in the y-direction and may be written as
where the torque friction coefficient c t yx was also calculated, as
Thus, the force and torque friction coefficients can be calculated directly as series once the coefficients A n , C n , E n are known. Formulae for the sphere rotating close to the wall and the sphere held fixed in a shear flow are similar. The friction coefficients for those cases are as follows.
For a sphere rotating with rotational velocity y in the y-direction parallel to the wall, the drag torque is in the y-direction and may be written as 8) defining the friction coefficient c r yy . There is also a force in the x-direction due to the presence of the wall: From the Lorentz reciprocity theorem (see, for example, (16)), the force friction factor for rotation is related to the torque friction factor for translation:
For a sphere held fixed in a shear flow with velocity κz in the x-direction far from the wall, the drag force is along x:
and the drag torque is along y:
Results for all friction coefficients are presented in sections 3 and 5.
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Classical truncation technique
The classical method of solving the infinite linear system (2.4) is to truncate at some large vlue of n because A n should vanish as n → ∞ in the expansions (2.3). Truncating, for example, at n l + 1:
provides a linear system to be solved for the A c n , for 1 n n l :
This step is repeated for increasing values of n l until the solution converges. The value of n l (the number of coefficients) increases for decreasing gap width. For small gaps between the sphere and the wall, thousands of coefficients may be needed. This method is very memory-consuming on a computer.
Iteration solution for the coefficients
A much more efficient technique was introduced by O'Neill and Bhatt (15) . The coefficients A n are written in the form
in which the t n and u n are defined by iteration: t 0 = t 1 = 0 ; a n,n−1 t n−1 + a n,n t n + a n,n+1 t n+1 = b n (n 1), u 0 = 0 ; u 1 = 1 ; a n,n−1 u n−1 + a n,n u n + a n,n+1 u n+1 = 0 (n 1). This is the same familiar idea as for linear differential equations, where the general solution is sought as the sum of a particular solution and the general solution of the homogeneous equation. The condition that A n vanishes as n → ∞ gives the result for A 1 :
Then all other A n are calculated by iteration:
A n = b n−1 a n−1,n − a n−1,n−1 a n−1,n A n−1 − a n−1,n−2 a n−1,n A n−2 . 
Thus, there is no need to solve successively larger truncated linear systems in order to obtain the coefficients. Consequently, results can be obtained even for small gaps between the sphere and the wall without excessive computer resources. Thus, the present technique provides a reference to obtain all the friction coefficients and flow fields with excellent precision. A drawback of this technique is that it is explicit, as opposed to the truncation technique of subsection 2.2. Thus the numerical calculation needs a large number of digits in order to obtain good precision. For this reason, we used the software MAPLE in which numerical calculations can be performed with any given number of digits. The whole calculation was enclosed in a loop in which the number of digits was regularly increased to achieve the required accuracy. Typically, 35 digits (a little more than 'quadruple precision') were necessary to obtain a precision of 10 −16 (viz. the usual 'double precision' for computers) on the friction coefficients.
Exact results for the friction coefficients
For each flow field, namely translation, rotation and shear flow, we first present results for given values of α and compare with earlier results. We then present sets of results for various values of l/a, the ratio of the distance of the sphere centre from the wall to the sphere radius.
Translation
Comparison with the earlier works of Goldman et al. (5) and Perkins and Jones (7) is presented in Table 1 for the force and Table 2 for the torque. The earlier results obtained by the bipolar coordinates technique (5) are consistent with our more exact results (only the last digit in the results of (5) has to be corrected, in the fifth line in Table 1 and in the first line in Table 2 ). The results of (7) are consistent for large distances but a discrepancy appears in the last digits for close distances; this can be understood since the precision of their series solution then decreases. A set of precise results for the force and torque coefficients is presented in Table 3 . † These results were calculated with 35 digits and the number of given digits corresponds to the final precision. As an example, results for the friction coefficient f t x x are plotted (as a solid line) in Fig. 1 .
Rotation
The comparison of our results for the torque with those of (5, 7) is presented in Table 4 . Earlier results obtained by the bipolar coordinates technique (5) are exactly consistent with our more exact Table 9 for large l/a (dashed line), expansion (5.4) with the coefficients from Table 11 for small gap width ε (dots)
results. As for the translation case, the results of (7) have some discrepancy in the last digits for close distances. Precise results for the force and torque coefficients are presented in Table 5 . We calculated the coefficient f r xy independently of c t yx and it can be checked that the reciprocity relationship (2.10) is indeed verified with a precision better than 10 −16 .
Pure shear flow
Comparison with the earlier works of Goldman et al. (8) and Cichocki and Jones (11) is presented in Table 6 for the force and Table 7 for the torque. The same comments hold as for the translation case except that the comparison is now with (8) in place of (5) and (11) in place of (7). The limit value for l/a = 1 obtained by O'Neill (17) using the tangent-spheres coordinates technique is also shown for comparison.
Precise results are presented in Table 8 .
Table 4
Solutions for the torque friction factor c r yy for rotation close to a wall; same notation as in Table 1 α l/a c r yy (GCB) c r yy (PJ) c r 
Flow fields
The excellent precision of the numerical results for the coefficients A n , · · · , G n makes it possible to calculate the flow velocity even when the sphere is close to the wall, that is, in the lubrication regime. By way of illustration, we calculated the flow trajectories around a sphere held fixed in a shear flow close to a wall (taking ε = 10 −3 as an example). 
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of passing between the sphere and the plane Z = 0, the trajectories are displaced farther away from the symmetry plane and the sphere. Both figures show that the trajectories penetrate with difficulty into the region between the sphere and the plane Z = 0; indeed the lubrication flow field there would dissipate more energy at constant velocity, so that the velocity then decreases. One could then expect that there is a dead-water region between the sphere and the plane, but it will now be seen that this is not the case.
The lubrication region is explored in more detail in 
Interpolation formulae
The analytical formulation presented in section 2 was also exploited to derive interpolation formulae for the various friction coefficients for large and small values of the sphere-to-wall separation. 
Translation and rotation
Expansions of the friction coefficients for large l/a were performed with the MAPLE computer algebra software. Up to 77 coefficients of these expansions were calculated. ‡ For the translation problem, the lower-order terms are in agreement with the results of Faxen (18) Our first 33 coefficients were also found to be identical to those found by Perkins and Jones (7) (in their notation, ψ tt = f t x x and ψ tr = − 3 4 f r xy = −c t yx ). These series converge slowly, but their convergence can be accelerated with the use of Padé approximants. Results for the friction coefficients are then obtained in the generic form (see, for example, (19) 
where the coefficients q i and r i are presented in Tables 9 and 10 . Here N = 38, from the number of calculated coefficients of the expansions for large l/a. As an example, the expansion for large l/a and the Padé approximant are compared with the exact result for f t x x in Fig. 1 . For both approximations, it is observed that the agreement is excellent for large l/a as expected, and is moreover quite good even for ε below unity. Discrepancies appear below values of ε around 0·05; the improvement brought by the Padé approximant is visible here.
This improvement is seen better in Fig. 6 , showing that the difference between the Padé approximant and the exact result is one to two orders of magnitude smaller than the difference between the expansion for large l/a and the exact result. The excellent accuracy of the exact results for small gap widths ε makes it possible to derive approximation formulae that extend earlier lubrication results (6):
in which the non-rational numbers were found numerically. On this basis, we anticipated that expansions could be written in the more general form
In these expansions, we use the rational numbers of (5.2), (5. Table 11 . Earlier numerical results (6, equation (107) Fig. 6 Plot of the absolute value of the difference between the exact and the approximate results for the force friction coefficient of a sphere translating along a wall in a fluid at rest, versus the non-dimensional gap width ε, expansion for large l/a, the same expansion with Padé approximant and the expansion for small gap ε = (l/a − 1) recovered and improved. The absolute value of the difference between the expansion (5.4) for small gap and the exact result for f t x x is plotted in Fig. 6 . It is of the order of 10 −10 or less on the whole range of small ε.
Collecting the approximations for large and small gaps, it is observed in Fig. 6 that there is a crossover at ε = 0·2, for which the error is 10 −10 : for ε 0·2, the small-gap approximation should be used and for ε 0·2, the Padé approximant provides an excellent approximation, with an error less than 10 −10 . It is remarked that the Padé approximant which was constructed from an expansion for large gaps provides this excellent approximation for a gap width as low as ε = 0·2. For increasing ε, the error decreases rapidly and for ε 0·8, we observe fluctuations due to the numerical noise. The error then is consistent with the accuracy of 2 × 10 −16 of the MATLAB software which was used in the calculation of the Padé approximants.
Similar results were obtained for the torque. The cross-over is at ε = 0·1. For ε 0·1, the expansion (5.5) for small gaps provides a precision of 10 −10 and for ε 0·1, Padé approximant provides an excellent approximation, with an error less than 10 −15 for ε 0·3. As for the force, the Padé approximant gives a much better approximation than the original expansion for large l/a.
Table 11
Coefficients in the expansions of the friction factors of the translational problem for small gaps, equation (5.4) for the force and (5.5) for the torque
The rotation problem was treated like the translation problem. Expansions of the friction coefficient were calculated for large l/a and the convergence was accelerated with a Padé approximant of the type (5.1). The coefficients of this approximant for c r yy are displayed in Table 12 . For small ε, following (5) for the first term and anticipating logarithmic terms (as for the translation case), we construct an expansion with γ r 0 = −2/5. Adjustable coefficients found by matching with the exact results are given in Table  13 . Note that Goldman et al. (5) found c r 0 = 0·3817 by extrapolation of their numerical results (there was no asymptotic approach like that of (6) for this case), whereas we find c r 0 0·3709. Here, the cross-over is at ε = 0·1. The expansion (5.6) for small gaps gives a 10 −9 precision up to ε = 0·1. The Padé approximant also gives excellent precision for ε 0·1, improving with increasing ε and reaching 10 −15 for ε 1.
Pure shear flow
For a sphere held fixed in a pure shear flow, the force friction factor f κ x x and the torque friction factor c κ yx are regular functions of ε. This is related to the fact that, for small ε, the flow in the gap region is nearly at rest, as shown in section 4.
Since there is no singularity, it is sufficient to interpolate the exact results presented in section 3.3 
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with polynomials of the form
The coefficients g κ i and d κ i are displayed in Table 14 . It was found that N = 26 is the largest number of terms compatible with the 10 −16 precision of the results of section 3.3. The resulting precision of the approximation formula (5.7) is 10 −12 and that of (5.8) is 10 −11 .
We also calculated expansions for large l/a (more than 70 terms were obtained using the computer algebra software MAPLE) and recovered, in particular, the coefficients obtained by Cichocki and Jones (11); in their notation,
However, better precision is obtained using the polynomials (5.7), (5.8).
Freely moving sphere in a shear flow near a wall
We consider here a sphere moving in a shear flow near a wall. The sphere is freely moving, that is there is no external force and torque applied on it. The steady motion of the sphere is then obtained by expressing the fact that the force and torque due to the fluid vanish. The force and torque are obtained in a classical way by using the linearity of the Stokes equations and considering the flow around the moving sphere as the superposition of (i) the flow around a sphere translating without Table 14 Coefficients in the polynomial approximations (5.7), (5.8) of the force and torque friction factors on a sphere held fixed in a pure shear flow
rotation with velocity U x ; (ii) the flow around a sphere rotating without translation with velocity y ; (iii) a shear flow with shear rate κ around a fixed sphere. The force on the sphere is then the sum of the forces for these individual cases, namely (2.6), (2.9) and (2.11) and similarly the torque is the sum of the torques (2.7), (2.8) and (2.12) . Solving the equations of vanishing force and torque then gives the classical expressions (8) for the translational and rotational velocities of a freely moving sphere in a shear flow near a wall: Here, we define the normalized velocities as U * x = U x /(κl) and * y = y /(κ/2). Note that both quantities tend to unity as l/a → ∞. As for the force and torque in each individual case presented above, we used the analytical expressions to calculate expansions for large l/a by computer algebra. Our results are, of course, consistent with the classical expansions of Wakiya, Darabaner and Mason (20) :
We used our expansions for large l/a to calculate Padé approximants for U * x and * y . The coefficients are presented in Tables 15 and 16 respectively. For small gaps (ε 1) there are expansions found by Goldman et al. (8) :
The form of these expansions suggests that we can more generally express our exact results for 1/U * x and 1/ * y for small gaps as polynomial expansions in log ε, that is,
The coefficients u j , ω j of these expansions were obtained by fitting with our exact results; they are shown in Table 17 . The order of the polynomials is the largest possible one compatible with our results. Comparison of exact and approximate results (see Fig. 7 for the velocity U * x ) shows that the form of the expansion for small gaps gives indeed a good approximation, with an error less than 10 −11 . The result (6.5), which suggested the form of our expansion, has a relative precision of 2 per cent at ε = 0·5, 5 per cent at ε = 10 −5 , and a poor precision of 10 per cent for ε = 0·05. This discrepancy, suggesting a misprint in (8, formula (6.5) Giddings (21) who proposed the following first-order lubrication expansion obtained by fitting the results of (8):
By comparing with our exact results, we find that this formula provides a relative precision of 10 −3 in the range ε < 5 × 10 −3 and 6 per cent for ε 0·1. Figure 7 also shows the validity of the approximations for large gaps. Again, both the expansion for large l/a and the Padé approximant, which are valid in principle for large gaps, also hold for ε < 1. The Padé approximant then gives a clear improvement over the original expansion for large l/a. The figure shows that a cross-over of the approximations for small and large gaps at ε = 0·4 gives a precision better than 10 −11 for the whole range of gaps and regularly decreasing to 10 −15 for large gaps.
Analogous results were obtained for the rotational velocity, again with a precision better than 10 −11 and the same cross-over at ε = 0·4. Here, the earlier result (6.6) has an amazing precision of 2 per cent on the range ε 0·1. 
Conclusion
The O'Neill and Bhatt (15) idea of using recurrence relationships to improve the bipolar coordinates solution was exploited here to revisit earlier solutions for the creeping flow around a sphere close to a wall. Numerical results for the drag force and torque coefficients based on this technique are presented in section 3, for the problems of a sphere translating along the wall (subsection 3.1), a rotating sphere with rotation axis parallel to the wall (subsection 3.2) and a sphere held fixed in a pure shear flow along the wall (subsection 3.3). The precision of all coefficients is better than 10 −16 even for very small non-dimensional gaps down to ε = 2 × 10 −6 . These results were obtained on a standard PC microcomputer without excessive memory resources. Earlier results for the drag force and torque coefficients (5, 7, 8, 11) are recovered and in some cases corrected. Our numerical results provide a significant improvement in precision over these earlier papers. Our precise expressions for the fluid velocity allow us to calculate flow trajectories around a sphere close to the wall, which was not possible with earlier lubrication analysis. The example of the flow around a sphere held fixed in a shear flow close to a wall is considered in section 4 and results are presented in Figs 2, 3, 4 and 5. It is found that the trajectories avoid the region between the sphere and the wall. Nevertheless, there is no recirculation region; flow velocities are just much smaller in the gap region. The regularity of the friction coefficient for this case is related to this very slow flow in the gap region. The formulation is also used in section 5 to provide useful interpolation formulae for the friction coefficients. For the problems of a translating and a rotating sphere, expansions are derived for large and small sphere-to-wall separations. For large separation, we extend earlier expansions by Faxen (18) and Perkins and Jones (7) and calculate more than 70 terms. The series obtained for large separations converge slowly and their convergence is accelerated by Padé approximants. For small non-dimensional gap widths ε, classical lubrication expansions (5, 6, 8 ) are extended as series in ε n log ε and ε n , with n up to 5 for translation and 6 for rotation. These values of n were the highest compatible with the precision of our numerical results. The combination of these expansions for large and small gaps provides results with a good precision of 10 −9 to 10 −10 for the whole range of separations. The drag coefficients for a sphere held fixed in a shear flow are regular and it is sufficient to interpolate exact results by polynomials to provide useful formulae with a precision better than 10 −11 .
Precise results for a freely moving sphere in a shear flow along a wall may be obtained by using the expressions (6.1) and (6.2) for the sphere translational and rotational velocities together with the results for the friction coefficients from section 3. Approximate results for these velocities are also provided in section 6. The results are obtained by combining expansions for large gaps together with Padé approximants and peculiar expansions for small gaps in which the inverse of the velocity is expanded as a series in log . These expansions were inferred from earlier order-one expansions (6.5), (6.6) from (8) ; it also appears that formula (6.5) should be corrected (21), see (6.9) . Combining the expansions for large and small gaps gives a precision better than 10 −11 over the whole range.
This set of interpolation formulae provide a significant improvement for practical use.
The accurate creeping flow solution may also be used as a firm basis to solve various second-order problems, involving, for example, fluid inertia or non-Newtonian behaviour.
The solution technique of this study could be used to revisit and improve other solutions in bipolar coordinates. In particular, we are at present reconsidering the problem of two equal spheres in creeping flow.
